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VERSAL DEFORMATIONS OF PAIRS
AND COHEN-MACAULAY APPROXIMATION
RUNAR ILE
Abstract. For a pair (algebra, module) with isolated singularity we establish
the existence of a versal henselian deformation. Obstruction theory in terms of
an André-Quillen cohomology for pairs is a central ingredient in the Artin the-
ory used. Cohen-Macaulay approximation induces maps between versal base
spaces for pairs and cohomology conditions ensure properties like smoothness
and isomorphism.
1. Introduction
In this article we prove that a pair (algebra, module) with isolated singularity
has a versal deformation and give applications to parametrised Cohen-Macaulay
approximation.
Let k be field and A a local, henselian k-algebra essentially of finite type which
is equidimensional and has an isolated singularity. R. Elkik [7] proved that there is
a versal henselian deformation of A by applying M. Artin’s approximation theory
[1]. Elkik’s results also implies the existence of a versal henselian deformation of
a module which is locally free except at the closed point and where the algebra
is trivially deformed along, as H. von Essen showed in [24, 2.3]. Theorem 4.4 says
that a pair (algebra, module) with the combined conditions has a versal henselian
deformation. The proof is essentially deduced from arguments of Elkik and von
Essen. In [11, 5.6] we show how Theorem 4.4 implies that there exists a versal
henselian deformation of a pair (partial resolution of rational surface singularity,
strict transform of reflexive module). This result is used in the proofs of some
conjectures of C. Curto and D. Morrison [6] concerning 3-dimensional flops; see
[11].
The theory of Cohen-Macaulay approximation founded by M. Auslander and
R.-O. Buchweitz [4] was extended to flat families in [12]. If h : S → A is a Cohen-
Macaulay map (finite type or local) and N an S-flat finite A-module there are short
exact sequences of S-flat finite A-modules
(1.0.1) 0→ L −→M −→ N → 0 and 0→ N −→ L′ −→M′ → 0
such that the fibres ofM andM′ are maximal Cohen-Macaulay modules and the
fibres of L′ and L have finite injective dimension; see [12, 5.1, 5.7]. The properties
of (1.0.1) are preserved by base change. In particular, base change to k = S/mS
give Cohen-Macaulay approximation sequences of A = A⊗k-modules
(1.0.2) 0→ L→M → N → 0 and 0→ N → L′ →M ′ → 0 .
In [13] we defined maps of deformation functors of pairs (algebra, module)
(1.0.3) σX : Def(A,N) −→ Def(A,X) for X = M,M ′, L and L′ .
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Several results concerning these maps are given in [13], in particular with cohomo-
logical conditions. The main applications in this article is to strengthen and simplify
many of these results to give relations between the versal henselian bases under the
restricted conditions in Theorem 4.4.
The proof of Theorem 4.4 requires several technical results. In Section 2 we give a
summary of the cohomology of pairs (algebra, module) and the related obstruction
theory by using graded André-Quillen cohomology employing L. Illusie’s [14] and
the Stacks Project [23]. In Proposition 2.10 we establish a long exact sequence
linking the Ext-groups and the algebra cohomology with the cohomology groups of
a pair Γ = (S → A,N ):
(1.0.4)
0→HomA(N ,N )→ ◦DerS(Γ, Γ )→ DerS(A,A) ∂−→ . . .
→ExtnA(N ,N )→ ◦TnΓ/S(Γ )→ TnA/S(A) ∂−→ Extn+1A (N ,N )→ . . . .
If Γ is a deformation of the pair Γ0 = (k → A,N) and pi : S′ → S is a small
extension, there is an obstruction class ob(pi, Γ ) ∈ ◦T2Γ0/k(Γ0)⊗ kerpi which is zero
if and only if there is a deformation of Γ to a pair Γ ′ = (S′ → A′,N ′). The image
of ob(pi, Γ ) in T2A/k(A)⊗ kerpi is the obstruction ob(pi,A) for deforming the algebra
S → A to S′. If ob(pi,A) = 0 and S′ → A′ is a deformation of S → A there is
an obstruction class ob(S′ → A′,N ) ∈ Ext2A(N,N)⊗ kerpi for deforming N to A′
which maps to ob(pi, Γ ). There are also several compatibilities among the torsor
actions. E.g. ‘adding’ an element ξ ∈ T1A/k(A)⊗ kerpi to S′ → A′ gives another
lifting S′ → A′′ of S → A and
(1.0.5) ob(S′ → A′′,N ) = ob(S′ → A′,N ) + ∂(ξ) .
In Proposition 2.2 we give a cohomology-and-base-change result for graded André-
Quillen cohomology which is essential for these and other applications. As a by-
product of the obstruction results for pairs in the Propositions 2.5 and 2.6 we obtain
the obstruction result for extensions of modules over a given extension of algebras in
Corollary 2.7. We also note some flaws in the treatment for this result in one of the
standard references [14]; see Remark 2.8. However, the definition of the obstruction
in [14, IV 3.1.5] gives the same class as our; see Lemma 2.9.
Section 3 introduces terminology and results concerning Artin’s [2] (as extended
to excellent coefficients by D. Popescu [18, 19] and B. Conrad and A. J. de Jong [5]),
in particular H. Flenner’s condition for formal versality in terms of the category of
infinitesimal extensions; see Proposition 3.3, and von Essen’s simplification of [2,
3.3]; see Proposition 3.4. In Section 4 we show that the essential general conditions
for using [2, 3.3] are fulfilled for our fibred category of deformations of pairs. Lemma
4.2 gives finiteness of the graded André-Quillen cohomology when the pair has an
isolated singularity. The section concludes with the versality result in Theorem 4.4.
Section 5 contains some results for the maps of cohomology obtained by Cohen-
Macaulay approximation, while Section 6 contains the aforementioned applications
to the induced maps of versal bases.
All rings are commutative with 1-element.
2. Cohomology of pairs and obstruction theory
We will need some results concerning the cohomology of pairs (B,N) where B
is an A-algebra and N is a B-module. Then Γ = B⊕N is a graded A-algebra with
B in degree 0 and N in degree 1. Maps of pairs (B1, N1) → (B2, N2) correspond
to maps of graded A-algebras Γ1 → Γ2. We generalise and consider a homogeneous
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morphism of Z-graded rings g : A→ Γ and a graded Γ -module J . There are André-
Quillen cohomology groups
(2.0.1) ◦ExtiΓ (L
gr
Γ/A, J) = HomD(◦modΓ )(L
gr
Γ/A, J [i])
which also is called graded algebra cohomology. Here LgrΓ/A is the graded cotangent
complex defined as ΩP/A⊗PΓ where P = P grA (Γ ) is a graded simplicial degree-
wise free A-algebra resolution of Γ and ΩP/S denotes the associated complex of
Kähler differentials. To a Z-graded set U there is a ‘graded free’ A-algebra A[U ] –
the polynomial ring over A with free variables xi indexed by elements i ∈ U with
deg xi = deg i. In particular there is a canonical graded A-algebra (augmentation)
map A[Γ ]→ Γ defined by xγ 7→ γ with kernel K. Iterating the procedure gives
(2.0.2) P grA (Γ ) : · · · A[A[A[Γ ]]]
//
//
// A[A[Γ ]]oo
oo //
// A[Γ ]oo
which is functorial in A → Γ ; see [14, Chap. IV, 1.3]. The two term complex
K/K2 → ΩA[Γ ]/A⊗A[Γ ]Γ obtained from the augmentation map is denoted by
NLgrΓ/A. Then there is a natural map of complexes L
gr
Γ/A → NLgrΓ/A which induces
the equivalence τ>−1LgrΓ/A ' NLgrΓ/A; cf. [23, Tag 08RB]. If A → B → Γ are maps
of graded rings then there is a distinguished triangle of transitivity in D(◦modΓ ):
(2.0.3) LgrΓ/B/A : L
gr
B/A⊗LBΓ → LgrΓ/A → LgrΓ/B → LgrB/A⊗LBΓ [1]
See [14, Chap. IV, 2.3]. Note that the ◦ExtiΓ (L
gr
Γ/A, J) are Γ0-modules, but in gen-
eral not Γ -modules. However, ∗ExtiΓ (L
gr
Γ/A, J) :=
⊕
n∈Z ◦Ext
i
Γ (L
gr
Γ/A, J [n]) is a Γ -
module and is closely related to the global André-Quillen cohomology of ProjΓ ; cf.
H.C. Pinkham’s [17] and J. Kleppe’s [15].
If Γ is a finitely generated A-algebra, A is Noetherian and J is finite as Γ -module,
then ∗ExtiΓ (L
gr
Γ/A, J) is finite as Γ -module and equals the ungraded Ext
i
Γ (L
gr
Γ/A, J).
See [23, Tag 08PV].
Lemma 2.1 (cf. [23, Tag 08QQ]). Given a commutative diagram of graded ring
maps
Γ ′ Γoo
A′
OO
Aoo
OO
such that Γ⊗AA′ → Γ ′ is an isomorphism and TorAi (Γ,A′) = 0 for all i > 0.
Then the natural map of complexes LgrΓ/A⊗LAA′ → LgrΓ ′/A′ is an isomorphism in
D(◦modΓ ).
Suppose Γ is A-flat and J ′ is a graded Γ ′-module. Lemma 2.1 implies that there
is an isomorphism of Γ ′-modules:
(2.1.1) ∗ExtnΓ ′(L
gr
Γ ′/A′ , J
′)→ ∗ExtnΓ (LgrΓ/A, J ′)
If I ′ is a graded A′-module, there is an exchange map (cf. [16, Sec. 4] or [9, 7.2.2]):
(2.1.2) enI′ : ∗Ext
n
Γ (L
gr
Γ/A, J)⊗AI ′ → ∗ExtnΓ (LgrΓ/A, J⊗AI ′)
Composing eiI′ with the inverse of (2.1.1) gives the base change map
(2.1.3) cnI′ : ∗Ext
n
Γ (L
gr
Γ/A, J)⊗AI ′ → ∗ExtnΓ ′(LgrΓ ′/A′ , J⊗AI ′)
Proposition 2.2. Suppose A is a local noetherian ring (concentrated in degree 0 )
with residue field k, Γ is a graded and flat A-algebra and J is an A-flat, finite and
graded Γ -module. Assume that the following finiteness condition holds for all i:
(∗) ∗ExtiΓ (LgrΓ/A, J⊗I) is a finite Γ -module for all finite A-modules I.
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Suppose the base change map
cnk : ∗Ext
n
Γ (L
gr
Γ/A, J)⊗Ak −→ ∗ExtnΓ⊗k(LgrΓ⊗k/k, J⊗k)
is surjective. Then:
(i) For all maps of local rings A → A′ and A′-modules I ′, the base change map
cnI′ is an isomorphism.
(ii) The following statements are equivalent :
(a) cn−1k is surjective.
(b) The Γ -module ∗ExtnΓ (L
gr
Γ/A, J) is A-flat.
Proof. Put Fn(I) = ∗ExtnΓ (L
gr
Γ/A, J⊗AI). Since J is A-flat {Fn}n∈Z is a δ-functor
satisfying the conditions of [16, 5.1-2] which gives the result. 
Lemma 2.3. Suppose A is a local noetherian ring (concentrated in degree 0 ), Γ f
is a graded and flat A-algebra, J f a graded and finite Γ f-module. Let Bf denote
the degree 0-part Γ f0 and suppose Bf → B is a flat ring homomorphism. Put Γ =
Γ f⊗BfB and J = J f⊗BfB. Assume that the following condition holds:
(∗∗) The natural map LBf/A⊗BfB → LB/A is an equivalence.
Then:
(i) The natural maps
∗ExtiΓ (L
gr
Γ/A, J) −→ ∗ExtiΓ f(LgrΓ f/A, J)←− ∗ExtiΓ f(LgrΓ f/A, J f)⊗BfB
are isomorphisms of Γ -modules for all i.
(ii) If (Γ f, J f) satisfies the finiteness condition (∗) in Proposition 2.2, so does
(Γ, J).
In particular, (∗∗) and (∗) are satisfied if Γ f is of finite type as A-algebra and
Bf → B is a Zariski localisation or a henselisation.
Proof. The map of ring maps (A → Bf → Γ f) → (A → B → Γ ) gives a map of
distinguished triangles Lgr
Γ f/Bf/A
⊗BfB → LgrΓ/B/A. By Lemma 2.1 and (∗∗) two out
of three maps are equivalences, hence also the third; Lgr
Γ f/A
⊗BfB ' LgrΓ/A, which
gives the first isomorphism in (i). The second isomorphism follows from Lazard’s
theorem [23, Tag 058G] since taking inductive limits commutes with Hom in the
second factor and is exact; [23, Tag 00DB]. More precisely, suppose lim−→j Ij = B
where Ij are finite and free Bf-modules. Then:
(2.3.1)
lim−→j∗Ext
i
Γ f(L
gr
Γ f/A
, J f)⊗BfIj ∼= lim−→j
⊕
ν H
i
◦Hom·Γ f(LgrΓ f/A, J f(ν))⊗BfIj
∼=⊕ν lim−→j Hi ◦Hom·Γ f(LgrΓ f/A, J f(ν)⊗BfIj)
∼=⊕ν Hi ◦Hom·Γ f(LgrΓ f/A, J f(ν)⊗Bf lim−→j Ij)
∼= ∗ExtiΓ f(LgrΓ f/A, J f⊗Bf lim−→j Ij)
(ii) follows directly from (i). For the last part see [23, Tag 08QY]. 
Definition 2.4. An extension of a graded ring A by a graded A-module I is a
surjective graded ring map A′ → A with kernel I such that I2 = 0. Let α denote
the extension I → A′ → A. Given a graded ring map A → Γ , a graded Γ -module
J and a graded A-linear map γ : I → J . An extension β of Γ by J above α is a
commutative diagram with exact rows
(2.4.1) β : 0 // J // Γ ′ // Γ // 0
α : 0 // I //
γ
OO
A′ //
OO
A //
OO
0
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where A′ → Γ ′ is a graded ring map.
Proposition 2.5. Consider the situation in Definition 2.4.
(i) There exists an element ob(α, Γ, γ) ∈ ◦Ext2Γ (LgrΓ/A, J) such that an extension
β above α exists if and only if ob(α, Γ, γ) = 0.
(ii) If ob(α, Γ, γ) = 0 the set of isomorphism classes of extensions β above α is a
torsor over ◦Ext1Γ (L
gr
Γ/A, J).
(iii) The set of automorphisms of a given extension β above α is canonically iso-
morphic to ◦Ext0Γ (L
gr
Γ/A, J)
∼= ◦DerA(Γ, J).
If all rings and modules are concentrated in degree 0 the cohomology groups
equals the ungraded André-Quillen cohomology and Proposition 2.5 is [14, III
2.1.2.3] and [23, Tag 08SP]. The proof carries over to the graded case.
We recall the definition of the obstruction class in [23, Tag 08SM] nominally
extended to the graded case. Note that α (up to equivalence of extensions) can
be considered as an element in ◦Ext1A(L
gr
A/Z, I); cf. [23, Tag 08S8]. The obstruction
class ob(α, Γ, J) in Proposition 2.5 is defined as the image of α along the natural
maps
(2.5.1) ◦Ext1A(L
gr
A/Z, I)
γ∗−−→ ◦Ext1A(LgrA/Z, J) ∼= ◦Ext1Γ (LgrA/Z⊗LAΓ , J)
composed with the connecting ∂ = ∂(LgrΓ/A/Z) in the Jacobi-Zariski sequence ob-
tained from (2.0.3):
(2.5.2) . . .→ ◦Ext1Γ (LgrΓ/Z, J)→ ◦Ext1Γ (LgrA/Z⊗LAΓ , J)
∂−→ ◦Ext2Γ (LgrΓ/A, J)→ . . .
In [14, III 2.2.3] the definition of ob(α, Γ, J) is given as the image of γ along the
natural maps ◦HomA(I, J) ∼= ◦Ext1A(LgrA/A′ , J) ∼= ◦Ext1Γ (LgrA/A′⊗LΓ , J); see [14, III
1.2.8.1], composed with
(2.5.3) ∂(LgrΓ/A/A′) : ◦Ext
1
Γ (L
gr
A/A′⊗LΓ , J) −→ ◦Ext2Γ (LgrΓ/A, J) .
The two definitions agree by inspection of the following commutative diagram of
natural maps
(2.5.4) id ∈ ◦EndA(I)
γ∗

' // ◦Ext1A(L
gr
A/A′ , I)
γ∗

// ◦Ext1A(L
gr
A/Z, I) 3 α
γ∗

γ ∈ ◦HomA(I, J) ' // ◦Ext1A(LgrA/A′ , J)
'

// ◦Ext1A(L
gr
A/Z, J)
'

◦Ext
1
Γ (L
gr
A/A′⊗LΓ , J)
∂(Lgr
Γ/A/A′ )

// ◦Ext1Γ (L
gr
A/Z⊗LΓ , J)
∂(Lgr
Γ/A/Z)

obIllusie ∈ ◦Ext2Γ (LgrΓ/A, J) ◦Ext2Γ (LgrΓ/A, J) 3 obSP
where the three upper maps from the second to the third column are induced from
LgrA/A′/Z while the lower square comes from the map L
gr
Γ/A/Z → LgrΓ/A/A′ .
In the case A and A′ are concentrated in degree 0 and I⊗Γ '−→ J in Definition 2.4
we write ob(α, Γ ) or ob(A′ → A,Γ ) for ob(α, Γ, γ). Then (A′ → Γ ′)→ (A→ Γ ) is
a deformation of A→ Γ along A′ → A. In that case the natural map Γ ′⊗A′A→ Γ
is an isomorphism and TorA
′
1 (Γ
′, A) = 0. If in addition Γ is A-flat then Γ ′ is A′-flat.
Proposition 2.6. Given an extension α as in Definition 2.4, graded ring homomor-
phisms A→ Γ1 ρ−→ Γ2, a graded Γi-module Ji with A-linear graded map γi : I → Ji
for i = 1, 2 and a Γ1-linear graded map σ : J1 → J2 such that γ2 = σγ1.
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(i) The natural maps
◦Ext
2
Γ1(L
gr
Γ1/A
, J1)
σ∗−−→ ◦Ext2Γ1(LgrΓ1/A, J2)
ρ∗←−− ◦Ext2Γ2(LgrΓ2/A, J2)
relate the obstruction classes:
σ∗ ob(α, Γ1, γ1) = ob(α, Γ1, γ2) = ρ∗ ob(α, Γ2, γ2)
(ii) The torsor actions (denoted by +) are compatible with ρ∗ and σ∗. I.e. given
extensions βi : 0→ Ji → Γ ′i → Γ → 0 above α with I → Ji equal to γi and ξi ∈
◦Ext
1
Γi(L
gr
Γi/A
, Ji), then σ∗(β1+ξ1) = σ∗β1+σ∗ξ1 and ρ∗(β2+ξ2) = ρ∗β2+ρ∗ξ2
in ◦Ext1Γ1(L
gr
Γ1/Z, J2). If there is a commutative diagram of extensions
β2 : 0 // J2 // Γ ′2 // Γ2 // 0
β1 : 0 // J1 //
σ
OO
Γ ′1 //
OO
Γ1 //
ρ
OO
0
above α then σ∗β1 = ρ∗β2 in ◦Ext1Γ1(L
gr
Γ1/Z, J2).
Proof. (i) The following (pointed) commutative diagram of canonical maps
(2.6.1) (γ2)∗α ∈ ◦Ext1A(LgrA/Z, J2)
∂(Lgr
Γ2/A/Z
)

◦Ext
1
A(L
gr
A/Z, J2) 3 (γ2)∗α
∂(Lgr
Γ1/A/Z
)

ob(α, Γ2, γ2) ∈ ◦Ext2Γ2(LgrΓ2/A, J2)
ρ∗ // ◦Ext2Γ1(L
gr
Γ1/A
, J2) 3 ob(α, Γ1, γ2)
shows that ρ∗ ob(α, Γ2, γ2) = ob(α, Γ1, γ2). Similarly, the (pointed) commutative
diagram of canonical maps
(2.6.2) (γ1)∗α ∈ ◦Ext1A(LgrA/Z, J1)
∂(Lgr
Γ1/A/Z
)

σ∗ // ◦Ext1A(L
gr
A/Z, J2) 3 (γ2)∗α
∂(Lgr
Γ1/A/Z
)

ob(α, Γ1, γ1) ∈ ◦Ext2Γ (LgrΓ1/A, J1)
σ∗ // ◦Ext2B(L
gr
Γ1/A
, J2) 3 ob(α, Γ1, γ2)
shows that σ∗ ob(α, Γ1, γ1) = ob(α, Γ1, γ2).
(ii) The commutative diagram of ring maps
(2.6.3) Z // A // Γ2
Z // A // Γ1
OO
induces the following, partially pointed (left resp. right) commutative diagram of
canonical A-linear maps:
(2.6.4)
ξ2 ∈ ◦Ext1Γ2(LgrΓ2/A, J2)
ρ∗

θ2 // ◦Ext1Γ2(L
gr
Γ2/Z, J2) 3 β2
ρ∗

// ◦Ext1A(L
gr
A/Z, J2) 3 α
ρ∗ξ2 ∈ ◦Ext1Γ1(LgrΓ1/A, J2)
θ1 // ◦Ext1Γ1(L
gr
Γ1/Z, J2) 3 ρ∗β2 // ◦Ext
1
A(L
gr
A/Z, J2) 3 α
Let KA,i and KZ,i denote the kernels of the augmentation maps A[Γi] → A and
Z[Γi]→ Z. Then βi is represented in ◦Ext1Γi(NLΓi/Z, Ji) by a map β˜i : KZ,i/K2Z,i →
Ji. Similarly, ξi is represented by a map ξ˜i : KA,i/K2A,i → Ji. The map θi is induced
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by pullback along the natural map ιi : NLΓi/Z → NLΓi/A. One obtains a (not
necessarily commutative) diagram
(2.6.5) KZ,i/K2Z,i
ιi //
β˜i %%
KA,i/K
2
A,i
ξ˜iyy
Ji
Then Γ ′i + ξi is given by pushout of KZ,i → Z[Γi] by the composition of KZ,i →
KZ,i/K2Z,i with β˜i + ξ˜iιi. See the proof of [23, Tag 08S7]. This implies that ρ
∗(β2 +
ξ2) = ρ
∗β2 + ρ∗ξ2. Similarly, σ∗(β1 + ξ1) is represented by σ(β˜1 + ξ˜1ι1) = σβ˜1 +
σξ˜1ι1 which again represents σ∗β1 + σ∗ξ1. The final claim also follows from this
representation since pullback of β2 along ρ is represented by pullback of β˜2 along
the natural map KZ,1/K2Z,1 → KZ,2/K2Z,2 while pullback of ξ2 along ρ is represented
by pullback of ξ˜2 along the natural map KA,1/K2A,1 → KA,2/K2A,2. 
In the following we will only be interested in graded rings and modules concen-
trated in degree 0 and/or 1.
Corollary 2.7. Fix an extension of (ungraded) rings β0 : 0→ J0 → B′ → B → 0,
two B-modules J1 and N , and a B-linear map ϕ : J0⊗N → J1.
(i) There exists an element ob(β0, N, ϕ) ∈ Ext2B(N, J1) such that an extension of
modules β1 : 0 → J1 → N ′ → N → 0 over β0 with induced map J0⊗N → J1
equal to ϕ exists if and only if ob(β0, N, ϕ) = 0. The element ob(β0, N, ϕ) is
natural in N and J1.
(ii) If ob(β0, N, ϕ) = 0 the set of isomorphism classes of extensions β1 over β0
with induced map ϕ is a torsor over Ext1B(N, J1). The torsor action is natural
in N and J1.
(iii) The set of automorphisms of a given extension β1 is canonically isomorphic
to HomB(N, J1).
Proof. Consider the graded ring Γ = B ⊕ N with B in degree 0 and N in degree
1. The B-linear map ϕ : J0⊗N → J1 gives the B-module J = J0⊕J1 an N -action,
i.e. J becomes a graded Γ -module. Note that an extension of graded rings β : 0→
J → Γ ′ → Γ → 0 over β0 in degree 1 is an extension of B′-modules β1 with the
given induced map ϕ. We have a translation of the extension problem of modules to
a problem of extensions of graded algebras as treated in Propositions 2.5 and 2.6.
Since there is a trivial extension of Z-algebras J0 → B⊕J0 → B defining a zero-
element, Proposition 2.5 implies that (the equivalence class of) β0 in a canonical
way gives an element of Ext1B(LB/Z, J0). We define ob(β0, N, ϕ) as the image of β0
by the composition
(2.7.1) β0 ∈ Ext1B(LB/Z, J0)
(id,0)∗ // ◦Ext1B(LB/Z, J)
' // ◦Ext1Γ (LB/Z⊗LΓ , J)
∂(Lgr
Γ/B/Z)

ob(β0, N, ϕ) ∈ Ext2B(N, J1) ◦Ext2Γ (LgrΓ/B , J)
'oo
For the last isomorphism note that (LgrΓ/B)0 = 0 and (L
gr
Γ/B)1 equals the standard
B-free resolution of N ; cf. [14, IV 2.2], which gives
(2.7.2) ◦ExtnΓ (L
gr
Γ/B , J)
∼= ExtnB(N, J1)
for all n. The rest then follows from Propositions 2.5 and 2.6. 
Remark 2.8. In [14] a main application of the graded cotangent complex is the
construction of the obstruction for extensions of modules as in Corollary 2.7, see
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[14, IV 3.1.5]. Unfortunately the argument seems to have some flaws. The sequence
(∗) on page 247 (in our notation)
(2.8.1) 0→ J1 −→ B ⊕N ′ −→ B ⊕N → 0
is claimed to be an extension of graded B′-algebras which is true if and only
if N ′ is a B-module as B′-module which implies that the multiplication map
ϕ : J0⊗N → J1 is zero. But in the deformation case ϕ is an isomorphism. In [14, IV
3.1.2] it is claimed that the set of equivalence classes of graded B′-algebra exten-
sions ◦ExalB′(B ⊕N, J1) is isomorphic to Ext1B(N, J1) which is wrong for the same
reason. In [14, IV 3.1.3] there is also claimed an isomorphism HomB(J0⊗BN, J1) ∼=
◦HomΓ (J0⊗BΓ , J1), but the latter is isomorphic to ◦HomB(J0, J1) = 0. The claim is
based on the mistaken adjointness in [14, IV 1.1.3.1] (e.g. if A = Z[x] with deg(x) =
n > 0, E = A and F = Z then HomA0(En, F ) ∼= Z while ◦HomA(E,F [−n]) = 0).
An extension of this ‘adjointness’ to the derived category [14, IV 1.2.2.1] is used
to connect the exact sequence [14, IV 3.1.4] which is used to define the obstruc-
tion class in [14, IV 3.1.5] to previous results through [14, IV 3.1.3]. In particular
this involves the identification of Ext1B((LB/B′⊗LΓ )1, J1) ∼= HomB(J0⊗N, J1) with
◦Ext
1
Γ (LB/B′⊗LΓ , J1), but the latter is 0. However, the definition of the obstruction
in [14, IV 3.1.5] gives the same class as (2.7.1):
Lemma 2.9 (cf. [14, IV 3.1.5]). Applying HomD(◦modB)(−, J1) to the degree 1-part
(LgrΓ/B/B′)1 of the distinguished triangle of transitivity gives an exact sequence
0→ Ext1B(N, J1)→ Ext1B′(N, J1) u−−→ HomB(J0⊗N, J1) ∂−−→ Ext2B(N, J1)
where ∂(ϕ) = ob(β0, N, ϕ) and u(β1) = ϕ.
Proof. First note that ob(β0, N, ϕ) also can be defined as the image of (id, ϕ) shown
in the following pointed commutative diagram of natural maps:
(2.9.1)
id ∈ EndB(J0)
'

' // Ext1B(LB/B′ , J0)
'

// Ext1B(LB/Z, J0) 3 β0
'

(id, ϕ) ∈ ◦HomΓ (J0⊗Γ , J) ' // ◦Ext1Γ (LB/B′⊗LΓ , J)
∂(Lgr
Γ/B/B′ )

// ◦Ext1Γ (LB/Z⊗LΓ , J)
∂(Lgr
Γ/B/Z)

ob(β0, N, ϕ) ∈ Ext2B(N, J1) ◦Ext2Γ (LgrΓ/B , J)
'oo ◦Ext2Γ (L
gr
Γ/B , J)
Just as the Γ -module J gives a (generally non-split) extension of graded Γ -modules
0→ J1 → J → J0 → 0 where Ji is a B-module as Γ -module, there is an extension
of distinguished triangles
(2.9.2) 0→ (LgrΓ/B/B′)1 −→ LgrΓ/B/B′ −→ (LgrΓ/B/B′)0 → 0
where the outer terms are B-modules as Γ -modules. Applying HomD(◦modB)(−, J)
gives maps of long-exact sequences
(2.9.3) ExtB(LB/B/B′ , J0)→ ◦ExtΓ (LgrΓ/B/B′ , J)→ ◦ExtB((LgrΓ/B/B′)1, J1)
In addition to (2.7.2) note that
(2.9.4) ◦Ext1B((L
gr
Γ/B′)1, J1)
∼= Ext1B(N⊗LB′B, J1) ∼= Ext1B′(N, J1)
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by [14, IV 2.4.4]. The exact sequence is thus obtained by the low-degree terms of
ExtB((L
gr
Γ/B/B′)1, J1). The pointed commutative square
(2.9.5)
(id, ϕ) ∈ ◦HomΓ (J0⊗Γ , J) ' //

◦Ext
1
Γ (LB/B′⊗LΓ , J) ∂ //

◦Ext
2
Γ (L
gr
Γ/B , J)
'

ϕ ∈ HomB(J0⊗N, J1) ' // ◦Ext1B(LB/B′⊗LN, J1) ∂ // Ext2B(N, J1)
and (2.9.1) shows that ∂(ϕ) = ob(β0, N, ϕ). The composition
(2.9.6) ◦Ext1Γ (L
gr
Γ/B′ , J)→ ◦Ext1Γ (LgrB/B′⊗LΓ , J) ∼= ◦HomΓ (J0⊗BΓ , J)
maps, by the graded analog of [14, III 2.1.2.2], the extension β = β0⊕β1 to (id, ϕ).
Restricted to degree one this gives u(β1) = ϕ. 
The obstructions and the torsor actions of the pair, the algebra, and the module
are related by a natural long-exact sequence.
Proposition 2.10. Suppose A→ B is an (ungraded) ring homomorphism and N
is a B-module. Let Γ = B⊕N be the graded A-algebra with B in degree 0 and N
in degree 1. Let J = J0⊕J1 be a graded Γ -module with N -action ϕ : J0⊗BN → J1.
Then there is a natural long exact sequence of B-modules:
0→HomB(N, J1) τ−→ ◦DerA(Γ, J) η−→ DerA(B, J0) ∂−→ . . .
→ExtnB(N, J1) τ−→ ◦ExtnΓ (LgrΓ/A, J)
η−→ ExtnB(LB/A, J0) ∂−→ Extn+1B (N, J1)→ . . .
Given an extension α : 0→ I → A′ → A→ 0 and an A-linear map γ0 : I → J0. Let
γ denote the composition of (γ0, 0) with the inclusion J0 → J .
(i) The obstruction ob(α, Γ, γ) maps by η to ob(α,B, γ0).
(ii) If β is a graded extension above α as in Definition 2.4 the torsor actions on
β and its degree 0-part β0 are compatible through η.
Suppose ob(α,B, γ0) = 0 and β0 : 0→ J0 → B′ → B → 0 is an extension above α.
(iii) Then τ(ob(β0, N, ϕ)) = ob(α, Γ, γ). If ξ ∈ Ext1B(LB/A, J0) then
ob(β0 + ξ,N, ϕ) = ob(β0, N, ϕ) + ∂(ξ) .
(iv) Suppose β1 : 0 → J1 → N ′ → N → 0 is an extension above β0 with induced
map J0⊗BN → J1 equal to ϕ. Then the torsor actions on β1 and β = β0⊕β1
are compatible through τ .
Proof. By (2.7.2), ◦ExtnΓ (L
gr
Γ/B , J) is isomorphic to Ext
n
B(N, J1) for all n. Moreover,
◦Ext
n
Γ (L
gr
B/A⊗LΓ , J) ∼= ExtnB(LB/A, J0). The long exact sequence follows and (i),
(ii) and (iv) are special cases of Propositions 2.5 and 2.6.
(iii) The following commutative diagram of canonical maps
(2.10.1)
β0 ∈ Ext1B(LB/Z, J0)
(id,0)∗

Ext1A(LA/Z, I) 3 α
γ∗

◦Ext
1
B(LB/Z, J)
∂(Lgr
Γ/B/Z)

// ◦Ext1A(LA/Z, J)
∂(Lgr
Γ/A/Z)

ob(β0, N, ϕ) ∈ Ext2B(N, J1) ' // ◦Ext2Γ (LgrΓ/B , J) // ◦Ext2Γ (LgrΓ/A, J) 3 ob(α, Γ, γ)
is pointed since (β0, 0) maps to ((γ0)∗α, 0) by [23, Tag 08S8], i.e. τ maps ob(β0, N, ϕ)
to ob(α, Γ, γ).
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The commutative diagram of ring maps
(2.10.2) Z //

B // Γ
A // B // Γ
induces the following commutative diagram of B-modules:
(2.10.3) Ext1B(LB/A, J0)
∂(Lgr
Γ/B/A
)

θ // Ext1B(LB/Z, J0)
∂(Lgr
Γ/B/Z)

◦Ext
2
Γ (L
gr
Γ/B , J) ◦Ext
2
Γ (L
gr
Γ/B , J)
Suppose ξ ∈ Ext1B(LB/A, J0). Let βξ : 0→ J0 → B′ξ → B → 0 denote the extension
obtained from the torsor action of ξ on β0. Then βξ−β0 = θ(ξ) by Proposition 2.6.
The commutativity of (2.10.3) implies the second statement of (iii). 
3. Conditions for versality
In order to use (consequences of) Artin’s Approximation Theorem [1] as extended
by D. Popescu [18, 19] we fix an excellent ring Λ (cf. [10, 7.8.2]), a field k and a finite
ring homomorphism Λ → k with kernel denoted mΛ. Put k0 = Λ/mΛ. Define ΛHk
to be the category of surjective maps of Λ-algebras S → k where S is a noetherian,
henselian, local ring. A morphism is a map of Λ-algebras S1 → S2 which is local
and commutes with the given maps to k. A map h : S → A of local henselian rings
is algebraic if h factors as S → Aft → A where the first map is of finite type and the
second is the henselisation in a maximal ideal. Let ΛAk denote the full subcategory
of artin rings in ΛHk.
Let F→ ΛHk be a fibred category. For all maps f : R→ S in ΛHk and any object
b in F(R) we fix a base change f∗b in F(S), also denoted bS . For an object a in F(S),
let Fa → ΛHk/S denote the induced fibred category of maps a′ → a in F. Suppose
R→ S and S′ → S are maps in ΛHk with the latter being an infinitesimal extension
(i.e. a surjection with nilpotent kernel). Then S′×SR is in ΛHk; [20, Chap. I, §2.2].
Assume that the composition R → Sred is surjective. We will call such data a test
situation. There is a natural test map
(3.0.1) Fa(S′ ×S R) −→ Fa(S′)× Fa(R) .
Let F = F and Fa = Fa denote the functors from ΛHk to Sets associated to F and
Fa.
Definition 3.1. For a fibred category F→ ΛHk there are conditions:
(S1’) The test map (3.0.1) is an equivalence for all test situations.
(S1a) The test map for F is surjective for all test situations.
(S1b) If in addition S = Sred, b is an object in F(R) mapping to a and I is a finite
S-module, then the natural map Fb(R[I])→ Fa(S[I]) is bijective.
(lim−→) F → ΛHk is locally of finite presentation if for all filtering direct limits
lim−→Si in ΛHk the natural map lim−→F(Si) → F(lim−→Si) is an equivalence of
categories.
(iso) Assume S is algebraic and I ⊆ S is an ideal. Put Sn = S/In+1 and
SIˆ = lim←−Sn. If a, b are objects in F(SIˆ) and {θn : an ∼= bn} is a system
of compatible isomorphisms of base changes to the Sn, then there is an
isomorphism a ∼= b compatible with θ0.
If (S1’) then (S1) (= (S1a) and (S1b)). If (S1) then the map in (S1b) is R-linear.
In that case there is a further condition:
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Definition 3.2.
(S2) Fa(S[I]) is a finite S-module for any S = Sred in ΛHk, a in F(S) and finite
S-module I.
The condition F(k) is equivalent to a one-object, one-morphism category will in
the following be assumed for all fibred categories F over ΛHk or ΛAk.
Assume that F and G are fibred categories over ΛHk which are locally of finite
presentation. A map ϕ : F → G is smooth (formally smooth) if, for all surjections
f : S′ → S in ΛHk (respectively in ΛAk), the natural map
(3.2.1) (f∗, ϕ(S′)) : F (S′)→ F (S)×G(S) G(S′)
is surjective. Put hR = HomΛHk(R,−). Let v be an object in F(R) and let cv : hR →
F denote the corresponding Yoneda map. If R is algebraic as Λ-algebra and cv is
smooth (an isomorphism) then v is versal (respectively universal). Moreover, v (or
a formal object v = {vn} in lim←−F(R/m
n+1
R )) is formally versal if cv restricted to
ΛAk is formally smooth.
For an object a in F(S), define ExF(a) as the category of infinitesimal extensions
of (S, a) by S-modules I. An object (R, b)→ (S, a) in ExF(a) is an extension R→ S
in ΛHk with kernel I (in particular I2 = 0) and an object b in F(R) and a map b→ a
in F inducing an isomorphism bS ∼= a. If (R′, b′) → (S, a) is another infinitesimal
extension with kernel I ′ a map from (R, b) to (R′, b′) is a map b→ b′ in F above a
map of extensions R→ R′ commuting with the maps to a. Let ExF(a, I) denote the
sub-category of infinitesimal extensions with fixed kernel I (and maps of extensions
of I) and let ExF(a, I) denote the set of isomorphism classes in ExF(a, I). Note that
ExF(a, I) always contains (the isomorphism class of) the trivial extension, denoted
0. The following is Flenner’s [8, 3.2 and Bemerkung p. 457] in our context.
Proposition 3.3. Given a fibred category F→ ΛHk satisfying (S1), (S2) and (lim−→)
in Definitions 3.1 and 3.2. Assume a is an object in F(S). The following are equiv-
alent conditions.
(i) a is formally versal.
(ii) ExF(a, k) = {0}.
(iii) ExF(a, I) = {0} for all finite S-modules I.
The following result is a variant of von Essen’s simplification [24, 1.3] of [2, 3.3].
Proposition 3.4. Assume the fibred category F → ΛHk satisfies (S1), (S2) for
algebraic objects, as well as (lim−→) and (iso) in Definitions 3.1 and 3.2. Suppose v
is an object in F(R) with R algebraic as Λ-algebra. If v is formally versal, then v is
versal.
Proof. By Artin’s proof of [2, 3.3] (for general excellent coefficients), the condition
(iso) implies that it is sufficient to prove the surjectivity of cv – ‘the lifting prop-
erty’ – for infinitesimal extensions (S′, a′) → (S, a). But the formal versality of v
implies that all infinitesimal extensions of v split by Proposition 3.3. A splitting
of (R×SS′, v×aa′) → (R, v) composed with the projection to (S′, a′) provides the
lifting (R, v)→ (S′, a′). 
Definition 3.5. A fibred category F→ ΛAk has an obstruction theory if there is a
k-linear functor H2F : modk → modk and for each small surjection f : R→ S in ΛAk
(i.e. with kernel I such that mR·I = 0) and each object a in F(S) there is an element
ob(R/S, a) ∈ H2F(I) which is zero if and only if there exists a b ∈ F(R) with f∗b ∼= a.
The obstruction should be functorial with respect to such lifting situations. Cf. [2,
2.6].
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Assume k0 → k is a separable field extension, F → ΛAk is a fibred category
satisfying (S1) with associated functor F : ΛAk → Sets. Then a formally versal
object in F with base RF in ΛHk is minimal if the induced map HomΛHk(R
F, k[ε])→
F (k[ε]) =: tF/Λ is an isomorphism (cf. [23, Tag 06IL]). The following result is [13,
6.5].
Lemma 3.6. Suppose k0 → k is a separable field extension and ϕ : F→ G is a map
of fibred categories over ΛAk satisfying (S1) which have minimal formally versal
objects with base rings RF and RG in ΛHk, both either algebraic over Λ or complete.
Let V denote the kernel of the induced map t∗G/Λ → t∗F/Λ of k-duals. Assume:
(i) The map tF/Λ → tG/Λ is injective.
(ii) There are obstruction theories for F and G such that ob(R/S, ϕS(a)) = 0
implies ob(R/S, a) = 0 for any small surjection R → S in ΛAk and object a
in F(S).
Then every f : RG → RF in ΛHk lifting ϕ is surjective and the ideal kerf is generated
by a lifting of a k-basis for V . In particular kerf is generated by ‘linear forms’
modulo immΛ·RG.
4. Versal deformations of pairs
We prove existence of a versal deformation of a pair (algebra, module) with
isolated singularity.
Let A be an algebraic k-algebra with k as residue field. Let N be a finite A-
module. Suppose
(4.0.1) Λ //

S

k0 // k
is an object in ΛHk. Then a deformation of the pair (A,N) along (4.0.1) is a
commutative diagram of ring homomorphisms which extends (4.0.1)
(4.0.2) Λ //

S //

A

k0 // k // A
and a map of A-modules N → N such that:
(i) S → A is S-flat and local and A is algebraic over S.
(ii) The map A → A induces an isomorphism A⊗Sk ∼= A.
(iii) N is an S-flat and finite A-module
(iv) The map N → N induces an isomorphism N⊗Sk ∼= N .
For brevity we will say that the pair (A,N ) is a deformation of (A,N) to S. Let
(Ai,Ni) be a deformation of (A,N) to Si for i = 1, 2 and S1 → S2 a map in
ΛHk. Then a map between the two deformations (A1,N1) → (A2,N2) is a map
of S1-algebras A1 → A2 and a map of A1-modules N1 → N2 such that the maps
commute with the maps to (A,N). If A′2 = A1⊗˜S1S2 denotes the henselisation
of A1⊗S1S2, then A′2 is an algebraic and flat S2-algebra, (A′2,N1⊗A1A′2) is a
deformation of (A,N) to S2 and the induced (A1,N1)→ (A′2,N1⊗A1A′2) is a map
of deformations. We obtain a fibred category Def(A,N) → ΛHk and (forgetting the
second factor) a map of fibred categories Def(A,N) → DefA. It induces a map of
associated functors of isomorphism classes Def(A,N) → DefA.
Lemma 4.1. Suppose A is an algebraic k-algebra with A/mA ∼= k and N is a finite
A-module. Then
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(i) Def(A,N) satisfies (lim−→).
(ii) Def(A,N) satisfies (S1’).
Proof. (i) Put S = lim−→Si and assume a = (A,N ) is an object in Def(A,N)(S).
Since A is algebraic over S and N is finite over A, there is an Si and an object
ai = (Ai,Ni) in Def(A,N)(Si) such that the base change (Si → S)∗ai is isomorphic
to a. Similar arguments prove that the map lim−→Def(A,N)(Si)→ Def(A,N)(S) is full
and faithful.
(ii) With notation as before (3.0.1), suppose a′ = (A′,N ′) and a′′ = (A′′,N ′′)
are deformations of (A,N) to S′ and R respectively such that the induced defor-
mations a′S and a
′′
S are isomorphic to a deformation a = (A,N ). Then a′×aa′′ :=
(A′×AA′′,N ′×N N ′′) is a deformation of (A,N) to S′×SR inducing a′ and a′′; see
[22, 3.4] and (the proof of) [21, 4.2]. On the other hand, if b = (B,M) is a deforma-
tion of (A,N) to S′×SR with bS′ ∼= a′ and bR ∼= a′′ then b is naturally isomorphic
to a′×aa′′. It follows that the test map (3.0.1) is full and faithful by the definition
of fibre products. 
Lemma 4.2. Suppose S is local henselian ring with S/mS ∼= k and hft : S → Aft
is a finite type and flat ring homomorphism. Suppose Γ ft = Aft⊕N ft is a graded
S-algebra with an S-flat and finite Aft-module N ft in degree 1. Let A denote the
henselisation of Aft in a maximal ideal m. Put Γ = A⊗AftΓ ft. Let J ft = J ft0 ⊕J ft1
be a graded Γ ft-module with the finite Aft-module J fti in degree i.
For all n there are natural Aftm-linear maps of graded André-Quillen cohomology
(∗) ◦ExtnΓ ft(LgrΓ ft/S , J ft)m −→ ◦ExtnΓ (LgrΓ/S ,A⊗AftJ ft) .
Put Aft⊕N ft = Γ ft⊗Sk and m0 = mAft and assume that V = SpecAftr{m0} is
smooth over k and N ft restricted to V is locally free. Then ◦ExtnΓ (L
gr
Γ/S ,A⊗AftJ ft)
is finite as S-module and (∗) is an isomorphism for n > 0.
Proof. Put J = A⊗AftJ ft. The map (∗) is given as the composition
(4.2.1) ◦ExtnΓ ft(L
gr
Γ ft/S
, J ft)m
id ⊗1−−−→ ◦ExtnΓ ft(LgrΓ ft/S , J ft)m⊗AftmA ∼= ExtnΓ (LA/S , J)
where the last map is the flat base-change map in Lemma 2.3.
Put A⊕N = Γ⊗Sk. Let a ⊆ Aft denote an ideal defining the non-smooth locus of
hft; cf. [23, Tag 07C4]. Then a0 = aAft defines the non-smooth locus of k → Aft. Put
Aft = Aft/a. Since Aft/a0 has finite length by assumption, S → Aft is quasi-finite at
m by [23, Tag 00PK]. Moreover, since S is henselian there is a Zariski neighborhood
U of m in SpecAft such that the non-smooth locus U ∩ V (a) is finite over S; cf.
[23, Tag 04GG]. Suppose n > 0. Then the support of Hn = ExtnAft(LAft/S , J
ft
0 ) in
U is contained in U ∩ V (a) by [14, III 3.1.2] and Lemma 2.3. Since the localisation
Hnm equals H
n restricted to U , it follows that Hnm is finite as S-module. Since Aftm is
henselian by [20, Chap. I, §2.2], id⊗1: Hnm → Hnm ⊗AftmA is an isomorphism.
Let a′ ⊆ Aft denote an ideal defining the locus where N ft is not locally free. Then
a′0 = a
′Aft defines the singular locus of N . Again there is a Zariski neighbourhood
U ′ of m such that En = ExtnAft(N ft, J ft1 ) restricted to U ′ equals Enm and is finite
as S-module. Then id⊗1: Enm → Enm ⊗AftmA is an isomorphism. By the natural
long exact sequence in Proposition 2.10 and the 5-lemma, id⊗1 in (4.2.1) is an
isomorphism. 
Suppose A is a k-algebra with A/mA ∼= k and N a finite A-module such that
the pair is algebraic, i.e. there is a finite type k-algebra Aft with a maximal ideal
m0 and a finite Aft-module N ft such that A ∼= (Aft)hm0 and N ∼= A⊗AftN ft. Then
A is an isolated singularity over k if Aft can be taken to be smooth over k at all
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points in SpecAft r {m0}. The pair (A,N) has an isolated singularity over k if, in
addition, N ftp is a free Ap-module for all p in a Zariski neighbourhood of m0.
Lemma 4.3. Suppose the pair (A,N) has an isolated singularity. Then
(i) Def(A,N) satisfies (S2).
If SpecA in addition is equidimensional, then
(ii) Def(A,N) satisfies (iso).
Proof. (i) For any S = Sred in ΛHk, a = (A,N ) in Def(A,N)(S) and finite S-module
I, put Γ = A⊕N and J = Γ⊗SI. Then Def(A,N )(S[I]) ∼= ◦Ext1Γ (LgrΓ/S , J) by
Proposition 2.5. Then Lemma 4.2 gives the result.
(ii) With notation as in Definition 3.1, put S = SIˆ . Let ia = (iA,iN ) for i = 1, 2
be two objects in Def(A,N)(S) and let {θn : 1an ∼= 2an} be a tower of isomorphisms
between the Sn-truncations. Let iAft be an S-flat finite type representative of iA
such that iAft⊗Sk has a single non-smooth closed point. We proceed as in the proof
of [7, Lemme p. 600]. Put iI = I · iAft. The composition
(4.3.1) 1Aft −→ (1Aft)1Î θˆ−−→ (2Aft)2Î
gives the (2Aft)2Î -algebra map f : (2Aft)2Î ⊗S 1Aft → (2Aft)2Î . After possibly invert-
ing some element in 1Aft we may assume that the conditions in [7, Théorème 2 bis]
are satisfied (cf. [3, Part 2, Thm. 3.1]). We get an 2A-algebra map g : 2A⊗S1Aft → 2A
approximating f to order 1. Precomposing with 1⊗ id : 1Aft → 2A⊗S1Aft gives an S-
algebra map which factors through the henselisation 1Aft → 1A giving an S-algebra
map θ˜0 : 1A → 2A which modulo I2 equals to the degree 0-part θ01 : 1A1 → 2A1 of
θ1. Then θ˜0 is an isomorphism (e.g. similarily to the proof of [13, 6.3]). By ‘linear
approximation’, cf. [12, 6.1], θ˜0 is extended to an isomorphism of the pairs 1a ∼= 2a
which lifts θ1. 
The following theorem is deduced from arguments of Elkik and von Essen, but
with certain technical twists. In von Essen’s [24] the algebra is only deforming
trivially and is not a local henselian ring. To apply Elkik’s [7] we work with a
finite type version of the groupoid. Let (Aft, N ft) be a pair where Aft is finite
type k-algebra and N ft is a finite Aft-module such that (Aft, N ft) has an isolated
singularity. There is a fibred category Defft(Aft,N ft) → ΛHk where an object is a
flat and finite type pair (S → Aft,N ft) mapping to (k → Aft, N ft) such that the
singular locus of the pair is finite over S and where base change is by ordinary
tensor product.
Theorem 4.4. Suppose the pair (A,N) has an isolated singularity over the field k
with A equidimensional. Then Def(A,N) has a versal object.
Proof. We apply [2, 3.2] with the extension to arbitrary excellent coefficient rings
given by [5] to show the existence of a formally versal object in Def(A,N). By Lemmas
4.1 and 4.3, Def(A,N) satisfies (lim−→), (S1’), (S2) and (iso.).
For effectivity, suppose (Aft, N ft) is a finite type representative of (A,N) with
isolated singularity. Then the restriction Defft(Aft,N ft) → ΛAk satisfies (S1’) and (S2).
Hence there exists a formally versal formal object {(Aftn ,N ftn )} in lim←−Def
ft
(Aft,N ft)(Sn)
where Sn = S/mn+1S for some S = Sˆ in ΛHk. By [7, Théorèm 7, p. 595] (cf. [3, Part
2, Thm. 5.1]) there exists an object S → Aft in DefftAft(S) which induces {Aftn}. Put
A∗ = lim←−A
ft
n . Then N ∗ := lim←−N
ft
n is an S-flat finite A∗-module; [23, Tag 0912, Tag
031D].
Let f : SpecA∗ → SpecS denote the induced map and U∗ the set of points
x ∈ SpecA∗ such that N ∗⊗Sk(f(x)) is locally free at x. Let J∗ denote the ideal
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defining SpecA∗ r U∗ with reduced structure. Put A∗ = A∗/J∗, J ft = ker(Aft →
A∗), Aft = Aft/J ft, and Aft = Aft/(J∗·Aft). Since Aft has finite length, A∗ is finite
as S-module; [23, Tag 031D]. Moreover, the inclusion Aft → A∗ is an isomorphism
by Nakayama’a lemma. Let A′ denote the henselisation of Aft in J ft ∩ mS ·Aft. Put
J = J ft·A′. Then A′/J ∼= Aft ∼= A∗ which is complete with respect to n = mSA′.
It follows that A′/Js ⊕A′/ns and its submodule Cs := A′/(Js ∩ ns) is n-complete
for all s. By Artin-Rees there is a t > s such that J t ∩ nt ⊆ (J · n)s· nt−s ⊆ (J ∩ n)s.
Since the image of n is contained in rad Ct and Ct surjects onto A′/(J ∩ n)s it
follows that the latter is n-complete for all s. This implies that the natural map
lim←−A
′/(J ∩ n)s → A∗ has an inverse. Since N ∗ is locally free on the complement of
V ((J∩n)A∗), the conditions in [7, Théorèm 3] hold for the henselian pair (A′, J∩n).
We obtain a finite A′-module N ′ which induces N ∗. Moreover, N ′ is S-flat by [23,
Tag 0523]. Let (A,N ) denote the henselisation of the pair (A′,N ′) in the maximal
ideal (A′ → A)−1(mA).
We claim that the henselisation map ϕ : Defft(Aft,N ft) → Def(A,N) is formally
smooth. It follows that the object (A,N ) in Def(A,N)(S) is formally versal. For the
claim, put Γ ft0 = Aft⊕N ft and Γ0 = A⊕N and let pi : S′′ → S′ ∼= S′′/I be a small
surjection in ΛAk and Γ ft a deformation of Γ ft0 over S′. The map
(4.4.1) ◦ExtnΓ ft0 (L
gr
Γ ft0 /k
, Γ ft0 )⊗kI −→ ◦ExtnΓ0(LgrΓ0/k, Γ0)⊗kI
is an isomorphism for n = 1, 2 by Lemma 4.2. We have that (4.4.1) for n = 2
takes the obstruction ob(pi, Γ ft) ∈ ◦Ext2Γ ft0 (L
gr
Γ ft0 /k
, Γ ft0 )⊗kI for lifting Γ ft along pi
to the corresponding obstruction ob(pi, Γ ) for the henselised pair, see Proposition
2.6. Similarly the torsor action commutes with the map (4.4.1) for n = 1. Formal
smoothness of ϕ follows by the standard obstruction argument.
By [2, 3.2] and [5, 1.5] there is an algebraic Λ-algebra R in ΛHk and a formally ver-
sal object (Av,N v) in Def(A,N)(R). By Proposition 3.4 we conclude that (Av,N v)
is versal. 
Fix a flat and algebraic ring map Λ → A. Assume A⊗Λk ∼= A. Let q : A → A
denote the induced map. Note that id : ΛHk → ΛHk is a fibred category. Then Λ→ A
and q defines a map of fibred categories ΛHk → DefA where the object Λ→ S → k
maps to q⊗˜(S→k) : AS = A⊗˜ΛS → A. Define DefAN as the (2-category) fibre
product ΛHk ×DefA Def(A,N). An object, called an A-deformation of N to S, is an
object b = (S → B → A, N → N) in Def(A,N) such that B → A is isomorphic
to AS → A in DefA. Maps of deformations are defined as above Lemma 4.1. Then
DefAN is a fibred subcategory of Def(A,N) locally of finite presentation satisfying
(S1’). Denote the associated deformation functor DefAN . A special case is given by
Λ = k and A = A.
An argument similar to (and slightly easier than) the proof of Theorem 4.4 gives
the following (cf. [24, 2.4]).
Proposition 4.5. Assume N is locally free on the complement of the closed point
in SpecA. Then DefAN has a versal object.
5. Cohomology of Cohen-Macaulay approximations
Proposition 5.1. Let h : S → A be a finite type or algebraic Cohen-Macaulay
map and let N be an S-flat finite A-module. Let 0 → L → M pi−→ N → 0 and
0 → N ι−→ L′ → M′ → 0 be an MCMh-approximation and a Dˆflh-hull of N ; see
(1.0.1). Let Xj denote N ,M and L′ for j = 0, 1, 2 respectively, and put Γj = A⊕Xj .
Let I be any S-module. Then there are natural maps of distinguished triangles (cf.
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(2.0.3))
◦RHomΓ0(L
gr
Γ0/A/S , Γ0⊗I)
(id,pi)∗

◦RHomΓ0(L
gr
Γ0/A/S , Γ0⊗I)
(id,ι)∗

◦RHomΓ1(L
gr
Γ1/A/S , Γ0⊗I) and ◦RHomΓ0(L
gr
Γ0/A/S , Γ2⊗I)
◦RHomΓ1(L
gr
Γ1/A/S , Γ1⊗I)
(id,pi)∗
OO
◦RHomΓ2(L
gr
Γ2/A/S , Γ2⊗I)
(id,ι)∗
OO
The induced maps of graded cohomology
(id, pi)∗ : ◦ExtnΓ1(L
gr
Γ1/S
, Γ1⊗I) −→ ◦ExtnΓ1(LgrΓ1/S , Γ0⊗I) and
(id, ι)∗ : ◦ExtnΓ2(L
gr
Γ2/S
, Γ2⊗I) −→ ◦ExtnΓ0(LgrΓ0/S , Γ2⊗I)
are isomorphisms for n > 0 and surjections for n = 0.
Proof. In the derived category ◦RHomΓ (L
gr
Γ/−,−) is represented by the Yoneda
complex ◦Hom·Γ (LgrΓ/−,−) since LgrΓ/− is a bounded above complex of Γ -projective
modules; cf. [23, Tag 0A66]. The distinguished triangles are obtained by applying
◦Hom·Γ (−, Γ⊗I) to the distinguished triangles LgrΓi/A/S . The map (id, pi) : Γ1 → Γ0
gives a map of distinguished triangles LgrΓ1/A/S → L
gr
Γ0/A/S and a map Γ1⊗I →
Γ0⊗I which induce the maps in the left column. By the identification
(5.1.1) ◦ExtnΓ1(L
gr
Γ1/A, Γj⊗I) ∼= Ext
n
A(M,Xj⊗I)
in (2.7.2), (id, pi)∗ equals pi∗ : ExtnA(M,M⊗I) → ExtnA(M,N⊗I). Since Γj is S-
flat base change theory implies that ExtnA(M,L⊗I) = 0 for all n > 0; [12, 5.1].
Then pi∗ is an isomorphism for n > 0 and surjective for n = 0. Since
(5.1.2) ◦ExtnΓ1(LA/S⊗LΓ1, Γj⊗I) ∼= ExtnA(LA/S ,A⊗I) for all n ,
the claims about cohomology follow by diagram chase in the ladder obtained from
the map (id, pi)∗ of distinguished triangles. The (id, ι)-case is similar. 
Composition of (id, pi)∗ (respectively (id, ι)∗) with the inverse of the isomorphism
(id, pi)∗ (respectively (id, ι)∗) obtained from Proposition 5.1 gives natural maps
(5.1.3)
σnj : ◦Ext
n
Γ0(L
gr
Γ0/S
, Γ0⊗I) −→ ◦ExtnΓj (LgrΓj/S , Γj⊗I) for j = 1, 2 and n > 0.
By [12, 5.1] there are natural maps
(5.1.4) τnj : Ext
n
A(N ,N⊗SI) −→ ExtnA(Xj ,Xj⊗SI) for j = 1, 2 and n > 0.
The connecting maps
(5.1.5) ∂(LgrΓi/A/S) : Ext
n−1
A (LA/S ,A⊗I) −→ ExtnA(Xi,Xi⊗I) for i = 0, 1, 2
are compatible with the τnj for j = 1, 2.
Corollary 5.2. Suppose α : 0 → I → R → S → 0 is an extension of rings; cf.
Definition 2.4. Assume j ∈ {1, 2}. Then
(i) σ2j (ob(α, Γ0)) = ob(α, Γj).
Let β0 : 0→ A⊗I → B → A→ 0 be an extension of A above α. Then
(ii) τ2j (ob(β0,N )) = ob(β0,Xj).
(iii) If ξ ∈ Ext1A(LA/S ,A⊗I) then τ2j (ob(β0 + ξ,N )) = ob(β0 + ξ,Xj).
Let 0β : 0 → Γ0⊗I → B⊕N e → Γ0 → 0 denote an extension of Γ0 above α and
let jβ : 0 → Γj⊗I → B⊕X ej → Γj → 0 be the associated extension induced by an
MCM-approximation X e1 , respectively a Dˆfl-hull X e2 , of N e (cf. [13, Sec. 3]).
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(iv) The torsor action on 0β is compatible with the torsor action on jβ through σ1j .
(v) If the degree 0-part iβ0 of the extensions iβ (i = 0, 1, 2) is a fixed extension
β0, then the torsor action of Ext1A(N ,N⊗SI) on the degree 1-extension 0β1
above β0 is compatible through τ1j with the torsor action of Ext
1
A(Xj ,Xj⊗SI)
on the degree 1-extension jβ1 above β0.
Proof. Proposition 2.6 (i) gives
(5.2.1)
(id, pi)∗ ob(α, Γ0) = ob(α, Γ1, 1Γ0⊗ idI) = (id, pi)∗ ob(α, Γ1)
(id, ι)∗ ob(α, Γ0) = ob(α, Γ0, 1Γ2⊗ idI) = (id, ι)∗ ob(α, Γ2)
which is (i) and (together with Proposition 2.10) also (ii). Since the connecting maps
(5.1.5) are compatible with τ2j , Proposition 2.10 implies (iii). The compatibility of
torsor actions in Proposition 2.6 applied to (id, pi)∗, (id, pi)∗, (id, ι)∗ and (id, ι)∗
gives (iv) and (v). 
Corollary 5.3. With assumptions as in Proposition 5.1:
(i) If pi∗ : ExtnA(N ,N⊗I) → ExtnA(M,N⊗I) is an isomorphism for n = 1 and
injective for n = 2 then σ11 is an isomorphism and σ21 is injective.
(ii) If ι∗ : ExtnA(N ,N⊗I) → ExtnA(N ,L′⊗I) is an isomorphism for n = 1 and
injective for n = 2 then σ12 is an isomorphism and σ22 is injective.
Proof. Diagram chase in the ladder induced from the map (id, pi)∗ (respectively
(id, ι)∗) of distinguished triangles in Proposition 5.1. 
6. Cohen-Macaulay approximation of versal deformations
The following notions are used throughout this section. Let A be a Cohen-
Macaulay local algebraic k-algebra and N a finite A-module. Fix a minimal MCMA-
approximation 0 → L → M pi−→ N → 0 and a minimal DˆA-hull 0 → N ι−→ L′ →
M ′ → 0. For each deformation (S → B,N ) of (k → A,N) to S in ΛHk there are
maps of short exact sequences:
(6.0.1)
0 // L

//M

// N

// 0 0 // N

// L′

//M′

// 0
and
0 // L // M // N // 0 0 // N // L′ // M ′ // 0
where the upper sequences are maps of S-flat finite B-modules and the vertical
maps induce isomophisms of short exact sequences after applying −⊗Sk. The upper
sequences are minimal and unique up to isomorphism and are called a MCMB/S-
approximation, respectively a DˆB/S-hull of (S → B,N ); see [13, Sec. 3]. Tensorisa-
tion of the upper sequences along a map S → S′ gives new such sequences. We fix
a choice of diagrams (6.0.1) for each deformation (S → B,N ).
Lemma 6.1 ([13, 3.1]). If X is any of the modules M,L′, L,M ′ and X denotes
the deformation of X in (6.0.1) then the association (S → B,N ) 7→ (S → B,X )
induces well -defined maps of deformation functors
σX : Def(A,N) −→ Def(A,X) .
For a flat and algebraic ring map Λ → A the association (S → AS ,N ) 7→ (S →
AS ,X ) induces well -defined maps of deformation functors of A-modules
σAX : Def
A
N −→ DefAX .
Proposition 6.2. Assume k0 → k is a separable field extension. Suppose RN and
RL′ are minimal base rings for formally versal elements in Def(A,N) and Def(A,L′)
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(or in DefAN and Def
A
L′). If ι∗ : Ext
j
A(N,N)→ ExtjA(N,L′) is injective for j = 1, 2
then
RN ∼= RL′/J
where J is generated by elements lifting a k-basis of the kernel ker(σL′(k[ε])∗) of
the map of dual relative Zariski vector spaces (cf. Lemma 3.6). In particular J is
generated by ‘linear forms’ modulo immΛ·RL′ .
Proof. Suppose (S → A,N ) is a deformation of (A,N) and R → S is a small
surjection in ΛHk with kernel I. Put Γ = A⊕N and Γ0 = A⊕N . For all n there are
isomorphisms
(6.2.1) ◦ExtnΓ (L
gr
Γ/S ,N⊗SI) ∼= ◦ExtnΓ0(LgrΓ0/k, N)⊗kI
by Proposition 2.2 and Lemma 2.3. Then Def(A,N) has an obstruction theory
(Definitition 3.5) with H2 : modk → modk given as I 7→ ◦Ext2Γ0(LgrΓ0/k, Γ0)⊗kI
and obstruction class ob(R → S, Γ ) ∈ ◦Ext2Γ0(LgrΓ0/k, Γ0)⊗kI by Proposition 2.5.
Moroever, (6.2.1), the conditions on ι∗, and Corollaries 5.2 and 5.3 imply that
conditions (i) and (ii) in Lemma 3.6 are satisfied and the result follows. 
A similar proof gives:
Proposition 6.3. Assume k0 → k is a separable field extension. Suppose RN and
RM are minimal base rings for formally versal elements in Def(A,N) and Def(A,M)
(or in DefAN and Def
A
M ). If pi∗ : Ext
j
A(N,N)→ ExtjA(M,N) is injective for j = 1, 2
then
RN ∼= RM/J
where J is generated by elements lifting a k-basis of the kernel of the map of dual
relative Zariski vector spaces (cf. Lemma 3.6). In particular J is generated by ‘linear
forms’ modulo immΛ·RM .
Remark 6.4. We now give several results with the conclusion that σX : Def(A,N) −→
Def(A,X) (or σAX) in Definition 6.1 is smooth. Since the deformation functors have
versal elements, in particular with bases (say RN and RX) which are algebraic
over Λ, any map f : RX → RN lifting σX has a finite-type-over-Λ representative
f ft : RftX → RftN which is smooth.
Theorem 6.5. Suppose (A,N) has an isolated singularity. Then:
(i) The functors Def(A,N), Def(A,L′) and Def(A,L) have versal elements.
(ii) If Ext1A(N,M ′) = 0 then the map σL′ : Def(A,N) → Def(A,L′) is smooth.
(iii) If ExtjA(N,M
′) = 0 for j = 0, 1 then σL′ is an isomorphism.
(iv) If Ext2A(N,M) = 0 then the map σL : Def(A,N) −→ Def(A,L) is smooth.
(v) If ExtjA(N,M) = 0 for j = 1, 2 then σL is an isomorphism.
Proof. (i) Since A is CM, SpecA is equidimensional and Def(A,N) has a versal
element by Theorem 4.4. Let p ∈ SpecA, p 6= mA. Localising the commutative
diagram [4, p. 6] in p gives a commutative diagram with four short exact sequences
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and the same homological properties:
(6.5.1) 0 0
0 // Np
2
ι //
OO
L′p //
OO
M ′p // 0
0 // Mp //
pi
OO
ω⊕np //
OO
M ′p // 0
Lp
OO
Lp
OO
0
OO
0
OO
Since Np ∼= A⊕rp by assumption, pi splits and Lp is contained in MCMAp ∩ DˆAp =
DAp = Add{ωp} by [4, 3.7]. Since Ap is a regular local ring, ωp ∼= Ap and Lp and
Mp are finite, free Ap-modules. ThenM ′p is a finite, free Ap-module, too. The upper
short exact sequence implies that L′p is a finite, free Ap-module. By Theorem 4.4,
Def(A,L′) and Def(A,L) have versal elements, too.
Then (ii-v) follow from (i) and [13, 4.3]. 
A similar proof gives:
Theorem 6.6. Suppose (A,N) has an isolated singularity. Then:
(i) The functors Def(A,M) and Def(A,M ′) have versal elements.
(ii) If Ext1A(L,N) = 0 then σM : Def(A,N) → Def(A,M) is smooth.
(iii) If ExtjA(L,N) = 0 for j = 0, 1 then σM is an isomorphism.
(iv) If Ext2A(L′, N) = 0 then the map σM ′ : Def(A,N) −→ Def(A,M ′) is smooth.
(v) If ExtjA(L
′, N) = 0 for j = 1, 2 then σM ′ is an isomorphism.
Based on Proposition 4.5 the following results have very similar proofs to Theo-
rems 6.5 and 6.6.
Corollary 6.7. Assume N is locally free on the complement of the closed point in
SpecA.
(i) The functors DefAN , Def
A
L′ and Def
A
L have versal elements.
(ii) If Ext1A(N,M ′) = 0 then σAL′ : Def
A
N −→ DefAL′ is smooth.
(iii) If ExtjA(N,M
′) = 0 for j = 0, 1 then σAL′ is an isomorphism.
(iv) If Ext2A(N,M) = 0 then the map σAL : Def
A
N −→ DefAL is smooth.
(v) If ExtjA(N,M) = 0 for j = 1, 2 then σ
A
L is an isomorphism.
Corollary 6.8. Assume N is locally free on the complement of the closed point in
SpecA.
(i) The functors DefAM and Def
A
M ′ have versal elements.
(ii) If Ext1A(L,N) = 0 then σAM : Def
A
N −→ DefAM is smooth.
(iii) If ExtjA(L,N) = 0 for j = 0, 1 then σ
A
M is an isomorphism.
(iv) If Ext2A(L′, N) = 0 then the map σAM ′ : Def
A
N −→ DefAM ′ is smooth.
(v) If ExtjA(L
′, N) = 0 for j = 1, 2 then σAM ′ is an isomorphism.
As noteworthy special cases of Corollary 6.7 and Theorem 6.5 we have:
Corollary 6.9. Assume dimA > 2 and dimN = 0.
(i) DefAN and Def
A
L′ have versal elements and σAL′ is an isomorphism.
(ii) If A has an isolated singularity then Def(A,N) and Def(A,L′) have versal ele-
ments and σL′ is an isomorphism.
20 RUNAR ILE
Let PˆA denote the full subcategory of modules with finite projective dimension
in modA. There is an equivalence of categories HomA(ωA,−) : DˆA → PˆA which has
ωA⊗A− as quasi-inverse. The equivalence extends to deformations.
Corollary 6.10. Put Q′ = HomA(ωA, L′) and Q = HomA(ωA, L). The following
holds.
(i) Def(A,L′) ∼= Def(A,Q′) and Def(A,L) ∼= Def(A,Q).
Furthermore, suppose A has an isolated singularity, and N has finite length.
(ii) If dimA > 2 then pdimQ′ = dimA and
Def(A,N)
∼= Def(A,L′) ∼= Def(A,Q′).
(iii) If dimA > 3 then pdimQ = dimA− 1 and
Def(A,N)
∼= Def(A,L) ∼= Def(A,Q).
Proof. (i) follows from [12, 6.10], (ii-iii) is then Theorem 6.5. 
Corollary 6.11. Assume depthN > 2 and H2m(HomA(L,N)) = 0 where m = mA.
The following holds.
(i) Ext1A(L,N) = 0.
(ii) If N is locally free on the complement of the closed point in SpecA then σAM
is smooth.
(iii) If (A,N) has an isolated singularity then σM is smooth.
Proof. (i) by [13, 5.12] and then (ii) by Corollary 6.8 and (iii) by Theorem 6.6. 
Corollary 6.12. Suppose A is a Gorenstein normal domain with dimA = 2 and
N is a finite torsion-free A-module. Assume k is a perfect field. Then Def(A,N) and
Def(A,M) both have versal elements and the map σM is smooth.
Proof. Since A is a domain N torsion-free implies that N is a first syzygy. It follows
that Np is a MCM Ap-module for all primes p 6= mA and since A is 2-dimensional
and normal Np is free. Then (A,N) and (A,M) have isolated singularities (cf. [23,
Tag 00TV]) and Theorem 4.4 applies. Since depthN > 1, L is projective and by
Theorem 6.6 (ii) σM is smooth. 
Remark 6.13. The Corollaries 6.10 and 6.12 have analogs for DefAN .
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